This paper considers nonlinear kinematic controllability of a class of systems called stratified. Roughly speaking, such stratified systems have a configuration space which can be decomposed into submanifolds upon which the system has a different set of equations of motion. For such systems, then, considering controllability is difficult because of the discontinuous form of the equations of motion. We present two alternative forms of the controllability test. The first, analogous to Chow's theorem, is based upon a construction involving distributions. The second, uses tools from exterior differential systems and is based upon a constrution which uses the derived flag.
Introduction
Many interesting and important control systems evolve on stratified configuration spaces. Roughly speaking, we will call a configuration manifold stratified if it contains submanifolds upon which the system is subjected to additional constraints. Robotic systems, in particular, are of this nature. For such systems the equations of motion on each submanifold may change in a non-smooth, or even discontinuous manner, when the system moves from one submanifold to another. A legged robot has discontinuous equations of motion near points in the configuration space where each of its "feet" come into contact with the ground, and it is precisely the ability of the robot to lift its feet off of the ground that enables it to move about. Similarly, a robotic hand grasping an object often cannot reorient the object without lifting its fingers off of the object. Despite the obvious utility of such systems, however, a comprehensive means to analyze their controllability properties, to our knowledge, has not appeared in the literature.
As a concrete example, consider the six-legged hexapod robot illustrated in Figures 1 and 2 . This model will be fully explored in complete detail in Section 5. At this point, note that each leg has only two degrees of freedom. In particular, the robot can only lift its legs up and down and move them forward and backward. In contrast to most mechanical designs in the robotics literature, such a leg can not be extended outward from its body. Such limited control authority may be desirable in practical situations because it decreases the mechanical complexity of the robot; however, such decreased complexity comes at the cost of requiring more sophisticated control theory.
Note that for this model, it is not immediately clear whether the robot can move "sideways," and if it cannot move sideways, then it is not controllable. In this, and other stratified cases, traditional nonlinear controllability analyses are inapplicable because they rely upon differentiation in one form or another. Yet it is precisely the discontinuous nature of such systems that is often their most important characteristic because the system must cycle through different contact states to effectively be controlled. Therefore, it is necessary to incorporate explicitly into a controllability analysis the non-smooth or discontinuous nature of these systems. This paper first considers some basic issues regarding the appropriate definition of controllability for stratified systems and then extends standard controllability tests for smooth driftless nonlinear systems to the case where the configuration manifold is stratified. We provide two alternative stratified controllability tests. The first test is based upon the distributions arising from the vector fields in the equations of motion for the system on the different strata. We also present a controllability test using methods from exterior differential systems. This approach focuses on the constraint equations, rather than the equations of motion.
Although Brockett [5] illustrated some of the aspects of the problem of discontinuous or impacting systems, and there is quite a bit written concerning so-called "hybrid systems," (see, e.g., [3, 4, 6, 7] ) none of these has exploited the particular geometry of stratified systems to develop a controllability test. Additionally, there is a vast literature on the particular problem of legged robotic locomotion. However, prior efforts have focused either on a particular morphology, (e.g., biped [15] , quadruped [18] , or hexapod [25] ), or a particular locomotion assumption, (e.g., hopping [24] or quasi-static [25] ), and the issue of controllability is an implicitly assumed property. Less effort has been devoted to uncovering principles that span all morphologies and assumptions. Our goal is to generate general results, i.e., results formulated in sufficient generality so that they are independent, in robotics applications, of a particular morphology. Directly considering controllability for such mechanisms my prove to be a useful design tool because it will provide insight into means to exploit the inherent nonlinearities present in the system for locomotion.
Some recent works have attempted to uncover some of the fundamental structure underlying locomotion mechanics. Kelly and Murray [16] showed that a number of kinematic locomotive systems can be modeled using connections on principal fiber bundles. They also provide results on controllability, as well as an interpretation of movement in terms of geometric phases. Ostrowski [22, 23] developed analogous results for a class of dynamic nonholonomic locomotion systems. Also, Tsakiris and Krishnaprasad [17] have used methods from nonlinear control theory to develop motion planning schemes for "G"-snakes, a class of kinematic undulatory mechanisms. These approaches, unfortunately, are limited to smooth systems, and thus are not directly applicable to stratified systems.
Section 2 defines a stratified configuration space and discusses its generic geometric structure. Section 3 reviews several means of determining controllability for smooth systems and the mathematical concepts underlying them. Section 4 first motivates and develops our controllability theory in detail for a simplified subset of stratified problems and illustrates its application with a simple example and then presents the two alternative formulations of our controllability test. Section 5 presents the hexapod example problem in full detail. Section 6, presents controllability results for a more general stratified case, and again illustrates its application with a simple example. Additionally, Section 6 defines and presents a test for gait controllability, particularly useful for and motivated by legged robotic systems, and also returns to the hexapod example to analyze its gait controllability.
Stratified Configuration Spaces
We will motivate our definition of a stratified configuration space with a simple example.
Example 2.1 Consider a biped robot. The configuration manifold for the robot describes the spatial position and orientation of a reference frame rigidly attached to the body of the robot mechanism as well as variables such as joint angles which describe the mechanism's internal geometry. The robot will be subjected to constraints if one or more of its feet is in contact with the ground. The set of configurations corresponding to one of the feet in contact with the ground is a codimension one submanifold of the configuration space. The same is true when the other foot contacts the ground. Similarly, when both feet are in contact with the ground, the system is on a codimension two submanifold of the configuration space formed by the intersection of the single contact submanifolds. The structure of the configuration manifold for such a biped is abstractly illustrated in Figure 3 . The goal in this paper is to exploit the geometric structure of such configuration spaces.
We also note that when a foot contacts the ground, the robot is subjected to additional constraints. In particular, the velocity of the foot relative to the ground must be zero. Also, except for when the robot transitions from a state where a foot is off of the ground to one where a foot contacts the ground, the equations of motion for the system are smooth. In other words, restricted to each stratum, the equations of motion are smooth.
We will refer to the configuration space for the biped robot in Example 2.1 as stratified. Classically, a regularly stratified set X is a set X ⊂ R m decomposed into a finite union of disjoint smooth manifolds, called strata, satisfying the Whitney condition. The dimension of the strata varies between zero, which are isolated point manifolds, and m, which are open subsets of R m . The Whitney condition requires that the tangent spaces of two neighboring strata "meet nicely," and for our purposes it suffices to say that this condition is generically satisfied. (See [12] for details on such stratifications). We note that the terms "stratification" and "strata" have also used previously in a different context; namely, describing the topology of orbit spaces of Lie group actions, and are a slight generalization of the notion of a foliation [1] . By considering legged robot systems more general than the biped in Example 2.1, we can develop a general definition of stratified configuration spaces. Let M denote the legged robot's entire configuration manifold (it will often be convenient to denote this space as S 0 ). Let S i ⊂ M denote the codimension one submanifold of M that corresponds to all configurations where only the i th foot contacts the terrain. Denote, the intersection of S i and S j , by S ij = S i ∩ S j . The set S ij physically corresponds to states where both the i th and j th feet are on the ground. Further intersections can be similarly defined in a recursive fashion:
Note that the ordering of the indices is irrelevant, i.e., S ij = S ji . In the classical definition of a stratification [12] , stratum X i consists of the submanifold S i with all lower dimensional strata (that arise from intersections of S i with other submanifolds) removed. However, in our case, we will refer to the submanifolds S i , as well as their recursive intersections S ij , S ijk , etc, as strata. We will term the lowest dimension stratum containing the point x as the bottom stratum, and any other submanifolds containing x as higher strata. When making relative comparisons among different strata, we will refer to lower dimensional (i.e. higher codimensional) strata as lower strata, and higher dimensional (i.e. lower codimensional) strata as higher strata.
Furthermore, we will assume that on each stratum, S i , our system may be subjected to constraints in addition to those present on M . Denote the set of constraints on M = S 0 by {ω 0,1 , . . . , ω 0,m0 }. On a stratum, S i , denote the additional constraints with a superscript i. Thus, the set of constraints on
Note that, on any particular stratum, the system is subjected to, at a minimum, all the constraints present on all the higher strata whose intersection defines that stratum. For example, on the stratum S ij = S i ∩ S j , the system is subjected to the all the constraints in M , S i and S j , as well as any additional constraints that may be present on S ij .
A codimension 1 submanifold, S i , is locally defined by a level set of a function Φ i (x) : M → R.
When the system transitions from M to S i , if the system is going to evolve on the stratum S i for some finite time, the system must not only satisfy all the constraints that are present on the stratum, but also the constraint dΦ i (x)ẋ = 0, i.e., it must satisfy the set of constraints
Note that whether the intersection, S i ∩S j = S ij is a submanifold depends upon the functional independence of the functions, Φ i and Φ j , respectively defining, S i and S j . A basic assumption throughout this paper is that for the multi-index,
. . , S i k are locally described by the functions Φ i1 , Φ i2 , . . . , Φ i k , respectively, then S I will be a submanifold of M if the functions Φ i1 , Φ i2 , . . . , Φ i k are functionally independent.
We consider driftless nonlinear systems and will write the equations of motion for the system at
and the equations of motion for the system in one of the strata at x ∈ S i aṡ
where n i depends upon the codimension of S i and the nature of the additional constraints imposed on the system in S i . For an arbitrary stratum, S I , we havė
In the context of legged locomotion, the assumption of driftless mechanisms on each strata limits us to quasi-static locomotion. We assume that the vector fields in the equations of motion for any given stratum are well defined at all points in that stratum, including points contained in any substrata of that stratum. For example, the vector fields g 0,i (x) are well defined for x ∈ S i . Note, however, that they do not represent the equations of motion for the system in the substrata, but, nonetheless, are still well defined as vector fields. In order to control whether the system stays on the stratum S i , we require that we can algebraically solve the equation
for one of the control inputs, which we can always do unless all of the g 0,j (x)'s are contained in the submanifold described by Φ i (x). However, this would be a degenerate case because if all the vector fields g 0,j are contained in the tangent space to the stratum described by Φ i (x), it would not be possible to move from the ambient manifold, M , onto the stratum S i in the first place. In other words, in such a case, the configuration manifold is foliated by the involutive closure of the collection of control vector fields {g 0,1 , . . . , g 0,n } in a manner such that the stratum S i is either a leaf of the foliation, or the leaves of the foliation are submanifolds of S i . When the system encounters a stratum with additional constraints, we can choose, by constraining our control inputs to satisfy Equation 3, for the system to stay on the stratum. Note that Equation 3 is formulated specifically in terms of a driftless system. Systems with drift would require additional consideration. We note that as long as dΦ i is an independent constraint, which we can choose to violate, the system can move off of the submanifold at any time. Throughout this paper, we assume that this is the case. Note that so far we have only discussed whether it is possible to move off of a stratum. The converse situation, whether it is possible to move onto a stratum from a higher stratum, is a more difficult question and will be briefly discussed in Section 6. , codimension-S i times. The codimension of S i and the number (n 0 − n i ) (recall that n i is the number of inputs on S i ) may not be equal because constraints other than of the type in Equation 3, i.e., the ω i,j , may also constrain the inputs. Note also that g i,j is not necessarily the same as g 0,j , because the additional constraints imposed on the system in S i may modify the form of each of the g 0,j 's.
Finally, we assume that the only discontinuities present in the equations of motion are due to transitions on and off of the strata S i or their intersections. We also make a similar assumption regarding the control vector fields restricted to any stratum, i.e., the control vector fields restricted to any stratum are smooth away from points contained in intersections with other strata. When a configuration manifold is consistent with the above description, we will refer to it as a stratified configuration manifold.
Definition 2.3: (Stratified configuration manifold)
Let M be a mainifold, and n functions Φ i : M → R, i = 1, . . . n be such that the level sets 
is also a regular submanifold of M . Then M and the functions Φ n define a stratified configuration space.
Mathematical Preliminaries and Review of Nonlinear Control Theory
This section reviews various approaches to nonlinear controllability because our controllability tests extend these approaches to the case where the configuration space is stratified. We also address some basic topological properties of stratified configuration spaces. The review of controllability and Chow's Theorem is primarily from [13, 20, 21, 26] and the material relating to controllability using methods from exterior differential system is from [1, 2, 10, 19] . We emphasize that the control results presented in this review section are only applicable to cases when the control vector fields are smooth (or at least sufficiently differentiable), and thus are not directly applicable to stratified systems. Throughout this paper we will be concerned with kinematic control systems. A control system is called kinematic if it is of the forṁ
Such systems are alternatively called driftless or control linear. A stratified system is kinematic if the equations of motion are of the this form when restricted to each stratum. In the legged locomotion context, this assumption means that we limit our attention to legged robotic systems which walk in a quasi-static manner. First, we must define the term "controllable." Given an open set V ⊆ M , define R V (x 0 , T ) to be the set of states x such that there exists u : [0, T ] → U that steers the control system from x(0) = x 0 to x(T ) = x f and satisfies x(t) ∈ V for 0 ≤ t ≤ T , where U is the set of admissible controls. Assume that the input space U is such that the linear span of the set { i g i (x)u|u ∈ U} contains all the 
We will refer to R V (x 0 , ≤ T ) as the set of states reachable up to time T .
Definition 3.1: (Small Time Local Controllability)
A system is small time locally controllable ("STLC," or simply "controllable") if R V (x 0 , ≤ T ) contains a neighborhood of x 0 for all neighborhoods V of x 0 and T > 0.
For stratified systems, Definition 3.1 must be modified for two topological reasons. First, in terms of controllability, it may not be desirable or possible to reach an open neighborhood in the entire configuration space, but rather an open set on a collection of the strata within the whole configuration space. For example, for the biped, it may be desirable that the robot always has at least one foot in contact with the ground, i.e., it is walking, as opposed to running. In such a case it is most natural to consider controllability in terms of reaching an open neighborhood defined in the union of the two strata S 1 and S 2 (corresponding to each foot in contact with the ground) as illustrated in Figure 4 . The following definition is from basic topology [1] . The second modification is a result of the fact that, until now, we have considered a stratum to be a submanifold of the configuration space for a stratified system. In fact, it will often be the case that the strata defining the stratification are boundaries of the configuration space because the submanifolds upon which the system is subjected to additional constraints will often be a physical boundaries. In such a case, we have to redefine a neighborhood of a point x 0 contained in the boundary to be the union of the portion of the standard neighborhood in the interior of the manifold with the intersection of the standard neighborhood with the boundary.
Note that again this is a relative topology in accordance with Definition 3.2. Now, for the biped example, only one of the four "quadrants" defined by the intersecting strata is "allowable" (the other three correspond to one or both feet penetrating the ground). Figure 5 illustrates an open set for such a stratified configuration space with boundary. The open sets illustrated by the dotted lines on each stratum only exist on the "top" half of each stratum. Again, stratified controllability amounts to reaching an open neighborhood of the starting point, where an open set is determined by the natural topology of the problem. Throughout this paper, we will typically only consider strata as regular submanifolds and not as boundaries. Where appropriate, we will comment on the effect that a boundary would have as opposed to a regular submanifold.
Controllability Theorems
This section reviews some standard controllability results for smooth driftless nonlinear systems.
The Distribution Approach: Chow's Theorem
The first controllability result is based upon a construction involving distributions. Let C denote the smallest subalgebra of V ∞ (M ) (the Lie algebra of smooth vector fields on a manifold M whose product is the Lie bracket, [·, ·]) that contains g 1 , . . . , g m . If dim(C) = m at a point x, then the system described by Equation 4 satisfies the Lie Algebra Rank Condition ("LARC") at x. The following is well known as "Chow's Theorem" [8] .
Theorem 3.3 If the system described by Equation 4 satisfies the LARC, then it is STLC.
See any one of the references [13, 14, 20, 21] for a complete explanation and proof.
The Exterior Differential Systems Approach
The following analysis of controllability focuses on the constraint equations, rather than the equations of motion, and involves techniques from exterior differential systems ("EDS"). We first review a few standard results from EDS.
Let Ω k denote the set of smooth exterior k-forms on M and let Ω be the algebra of exterior differential forms on M . The exterior derivative is the unique map d : Ω r → Ω r+1 which satisfies:
Let I be a codistribution on M spanned by a set of linearly independent one-forms {ω 1 , . . . , ω m }. The ideal generated by I is
The exterior derivative induces a mapping
It follows from linearity that the kernel of δ is a codistribution on M . Call the subspace I (1) the first derived system of I. This construction can be continued to generate a nested sequence of codistributions
If the dimension of each I (i) is constant, then this construction terminates for some finite integer N . Call Equation 6 the derived flag of I. The following is the "dual" of Theorem 3.3. See any one of the references [19, 28, 29] for a more complete explanation.
On the Existence and Uniqueness of Solutions
Since, for the problems in which we are interested, the right hand side of the differential equatioṅ
is not continuous everywhere, we must generalize the notion of a solution of a differential equation.
Definition 3.5 If there is a continuous function, φ(t) which satisfies the initial conditions for Equation 7 andφ
then we say that φ(t) is a solution of Equation 7 .
In order to assure existence and uniqueness of solutions, we make the following assumptions regarding the flow of the control system. Assumption 3.6 Except for the points where the right hand side of Equation 7 is discontinuous, the differential equation has a unique solution. This corresponds to points in M which have a neighborhood that do not contain points x ∈ S i . Also, restricted to any stratum, we assume that equations of motion have a unique solution for all points in that stratum which have neighborhoods that do not contain any substrata.
Assumption 3.7 If the flow of the system encounters a stratum of the configuration space in which the right hand side of the differential equation which describes the motion of the system is discontinuous, then the system evolves on the stratum for a finite time before leaving it.
These assumptions eliminate the possibility, for instance, when, in a neighborhood of a stratum, all solution curves intersect the stratum, but on the stratum, the vector fields are directed away from the stratum towards the region from which the solutions came. This is basically the "chattering" problem in sliding mode control. In this case, a solution of the differential equation as defined by Equation 8 will not exist. Since the purpose of this analysis is to investigate how to exploit the differences between the equations of motion in the various strata of which the configuration space consists, and this is a pathological situation in the sense that a choice of a control law generally would be necessary to achieve such a situation, we will specifically exclude its possibility. Filippov [9] has generalized the notion of a solution to a differential equation to address this situation, which is a common issue in sliding mode control.
The above assumptions now guarantee existence and uniqueness of solutions of Equation 7 because of piecewise existence and uniqueness. Points of discontinuity of the right hand side of Equation 7 are encountered only when a trajectory encounters a substratum of the stratum on which it is evolving, or when the trajectory leaves the stratum on which it is evolving. In either case, since the point of discontinuity uniquely establishes initial conditions for the system, and we have assumed existence and uniqueness for the equations of motion restricted to any strata away from substrata, we have existence and uniqueness of solutions in the sense of Equation 8.
Stratified Controllability
In order to clarify the presentation and provide an intuitive understanding of our approach, we first consider a subset of all possible stratified systems for which the controllability analysis is greatly simplified. In particular, we focus on the case where the configuration manifold contains only one submanifold (or stratum) upon which the system is subjected to additional constraints, so that the only stratum is also the bottom stratum. By focusing on this situation, several basic controllability results are rather straightforward to motivate and obtain. Also, as will become clear, these simple results are easily generalized. The following example, while extremely simple, nevertheless exemplifies the fundamental nature of a stratified control system. As we develop our results, we will repeatedly return to this problem.
Example 4.1 Consider the kinematic leg illustrated in Figure 6 . The configuration space, M , for the leg is parameterized by the variables q = (x, l, θ), corresponding to the lateral position of the body, the length of the leg and the angular displacement of the leg, respectively. We assume that the height of the body off of the ground remains fixed, so when the leg is lifted off of the ground, the body does not fall down. While this assumption is clearly unrealistic for, say, a hopping robot, it may be realistic, for example if the leg we consider is only one leg of a multi-legged robot, where we desire to focus solely on the effect that this one leg has on the system. The two inputs for the system are the joint velocities u 1 =l and u 2 =θ.
In this case, the bottom stratum (or boundary) is the set of points
where h is some fixed height. The equations of motion are given by
when the foot is off the ground, and
when the foot is in contact with the ground (on the bottom stratum, i.e., q ∈ S). Note that, as mentioned in Remark 2.2, when the leg is off the ground, there are two control inputs; conversely, when the leg is in contact with the ground, there is only one input because the is not the equation of motion for the system when q ∈ S, the two vector fields in that equation are still well defined there.
The Distribution Approach
It is clear that if the leg needs to move laterally (in the x-direction) while still retaining control over the joint variables, it must cyclically move the leg in and out of contact with the ground. This observation motivates the need to formulate a controllability test which incorporates the equations of motion for the system both in and out of contact with the ground. Figure 7 schematically illustrates the configuration space for the simple kinematic leg example. It consists of the "ambient" space, M , where the leg is off of the ground, and the submanifold (or boundary), S, which represents the set of points where the leg is in contact with the ground.
Since we know the equations of motion in each strata, we can calculate the associated involutive closures of the distributions associated with M and also with S, denoted ∆ M and ∆ S , respectively. Note that in Figure 7 , the symbols for the involutive distributions are pointing to the manifolds to which they are the tangent space.
If the system starts at a point in S, then the set of points it can reach in S is the leaf of the foliation of S defined by ∆ S which contains that point. In Figure 7 , such a leaf is represented by the lines in S. Similarly, if the system starts at a point in M , then the set of points that can be reached in M is represented in Figure 7 by the vertical sheets in M , which represent the foliation defined by ∆ M . Any arbitrary point in S is contained in one leaf of the foliation of M defined by ∆ M and one leaf of the foliation of S defined by ∆ S . By the proof of Chow's Theorem, ∆ M and ∆ S are the directions in which the system can flow on M and S, respectively. Since any point in S is also contained in M , and by assumption, the system can move from S to M arbitrarily, then the vector space sum of ∆ M | x0 and ∆ S | x0 represents all the directions in which the system can flow. Thus, if ∆ M and ∆ S intersect transversely, i.e.
then the system can flow in any direction in M . This argument suggests the following Proposition.
Proposition 4.2 If
then the system is STLC from x 0 .
Since this proposition will follow trivially as a corollary of a following more general result (Proposition 4.4), we will not provide the proof. When the foot is in contact with the ground, there is only one vector field, so
Clearly, away from singularities at ± π 2 ,
Thus the kinematic leg is controllable.
Nested Sequence of Strata
The central aspect of the above controllability discussion was the transversal relationship between the foliations defined by the control vector fields on M and S. This notion is easy to generalize to a nested sequence of submanifolds,
In the nested sequence of submanifolds, the subscript is the codimension of the submanifold. Note that there may be multiple submanifolds with the same codimension at a point. If there are multiple submanifolds with the same codimension, this sequence contains only one of them. Also, denote the distribution defined by the control vector fields defined on a stratum S i by ∆ i , and its associated involutive closure by ∆ i . Clearly, the fact that we limit our attention to the equations of motion in a nested sequence is rather limiting. In Section 6 we will eliminate this restriction. However, this comes at the cost of a more complicated test. Our result for such nested sequences is as follows.
Proposition 4.4 If there exists a nested sequence of submanifolds
such that the associated involutive distributions satisfy
Proof: Let V p be a neighborhood of the point x 0 in the submanifold S p , which is the bottom stratum, i.e., the manifold of smallest dimension in the nested sequence at x 0 . Choose X 1 ∈ ∆ Sp . For 1 sufficiently small, 
has rank j − 1. Thus, by the immersion theorem (see, for example, Theorem 3.5. 
If this were not so, then ∆
. Thus, for j sufficiently small the mapping
has rank j. To see this, consider the tangent mapping
t1 (x 0 ). We use the notation that for a diffeomorphism, φ, and a vector field, X, the notation φ * X = T φ • X • φ −1 . If the rank of this matrix is not j, then we can write
for some coefficients, α i . However, if we pull this back along the flow of X j , we have
which contradicts the fact that
. Thus,
is a j dimensional manifold. Since can be made arbitrarily small, we can assume So far, we have constructed the reachable set for the system restricted to the bottom stratum, S p . The process is to extend the reachable set by using vector fields defined on the next higher stratum, S p−1 , and then proceed to each higher stratum in order. (Note that we are following the indices in reverse order). We will proceed by induction. Assume that we have constructed the reachable set up to and including stratum S k+1 , and denote this reachable set by N k+1 . Without loss of generality, assume that
(otherwise, the control distribution, ∆ S k would not contribute any "new directions" to the reachable set, in which case we can proceed to the next higher stratum, S k−1 ). Now, let n i = p j=i dim ∆ Si , let the vector fields X 1 , . . . , X np be defined on S p , let the vector fields X np+1 , . . . X np−1 be defined on S p−1 , etc. We will be considering compositions of flows of the following type:
where the construction starts on the bottom stratum, S p , using vector fields defined there, and proceeds to the higher strata in order. We also assume (as part of the induction hypothesis) that the mapping
has rank n k+1 , so the set
is a (n k+1 )-dimensional manifold. By continuity, there exists a neighborhood,
, there exits a vector field, X ∈ ∆ S k , and a point,
which is a contradiction. By exactly the same argument as before, then, the set
is an n k -dimensional manifold containing the point x 0 , and by construction
and an open set in the manifold whose tangent space is ∆ sp . By restricting each ≤ T /(2n p ), we can then find such an open set for any T > 0.
The proof of Proposition 4.2 now follows trivially by considering a nested sequence containing only one submanifold.
Note that it is not necessary that the nested sequence actually include the full configuration space M . It may, in fact, terminate at some stratum, S p . In such a case, however, controllability amounts to reaching an open neighborhood of the starting point in the highest stratum, S p .
Note that if the configuration space has a boundary, Proposition 4.4 still applies with a simple modification of the proof. In a manner similar to that in the proof, when extending the reachable set from the submanifold boundary into the manifold in which it is contained, we can always choose the first vector field along which the system flows to be the one that violates the constraint dΦ i (x)ẋ = 0, in the "allowable" direction (we will elaboration more on this notion in Section 6). However, in the constructed "reversed" flow (Equation 13), we do not include this reversed flow corresponding to this vector field which moves the system off of the boundary. In this manner, the final constructed manifold contains x 0 and will be an open neighborhood of x 0 defined in the appropriate relative topology, i.e., the topology of a manifold with boundary.
Proposition 4.4 only directly applies to a single nested sequence of strata; however, repeatedly applying the test to multiple sequences is possible. The usefulness of this approach is that if the top stratum in each sequence is different, then the test determines controllability for the union of the top strata. For example, for the configuration space shown in Figure 4 , Proposition 4.4 applied to the sequence S 12 ⊂ S 1 will tell if the system can reach an open set in S 1 and applied to S 12 ⊂ S 2 will tell if it can reach an open set in S 2 , and taken together, gives controllability in the relative topology of the union S 1 ∪ S 2 . This is useful because, for problems like the biped from Example 2.1, reaching open sets in the relative topology of the union of strata is often the most natural way to define controllability.
The Exterior Differential Systems Approach
This Section and the following Section offer two alternative approaches to the formulation of Propostion 4.4. As mentioned in Section 3, these two alternative formulations may simplify the calculations necessary to determine controllability.
Recall the definition of the derived flag in Section 3. 
Proposition 4.5 If there exists a nested sequence of submanifolds
S pi ⊆ S (p−1)i ⊆ · · · ⊆ S 1i ⊆ S 0 = M,
such that the associated derived flags satisfy
at x 0 then the system is STLC from x 0 .
Proof: Note that the subspace of
Similarly, the subspace of
) is and ∆ Si | x . A complete explanation on the relationship between the levels of the derived flags and distributions (in a filtration) can be found in [19] .
Now, the collection of tangent vectors that satisfies
is the whole tangent space at x, T x M . Therefore
Thus, by Proposition 4.4, the system is STLC from x 0 . Example 4.6 (Kinematic leg -revisited) We now return to the simple kinematic leg example to illustrate the application of the exterior differential systems approach.
In this case, the application of Proposition 4.5 is simple because the constraints are integrable in all the strata. In particular, note that when the leg is not in contact with the ground, we have the constraint
This constraint is integrable, so it is also the bottom derived system.
When the leg is in contact, we have the constraints cos θdl − l sin θdθ = 0, dx + sin θdl + l cos θdθ = 0.
Again, these constraints are integrable, so they comprise the bottom derived system. Clearly, span {dx} span {cos θdl − l sin θdθ, dx + sin θdl + l cos θdθ} = 0, so the system is STLC.
An Example
Because the kinematic leg example was so simple, it is instructive to include a more complicated example. The following is adapted from [16] . Consider the six-legged robot shown in Figures 1 and  2 . It will be clear from the equations of motion for the system that each leg has only two degrees of freedom. In particular, the leg can move "up and down" and "forward and backward," but not "side to side" (in a direction outward from the body). In such a case it is not obvious how the robot can move in any direction.
Assume that the robot walks with a tripod gait, alternating movements of legs 1-4-5 with movements of legs 2-3-6. Hence, we are considering motions in only a subset of all possible strata. Suppose thatẋ
where (x, y, θ) represents the planar position of the robot's center, φ i is the front to back angular deflection of the legs and h i is the height of the legs off the ground. The tripod gait assumption requires that all the legs in a tripod move with the same angleφ i . The inputs u 1 and u 2 control the leg swing velocities, while the inputs u 3 and u 4 control the leg lifting velocities.
The functions α(h 1 ) and β(h 2 ) are defined by
(recall the tripod gait assumption: legs 1-4-5 move in unison as do legs 2-3-6 ). Denote the stratum when all the feet are in contact (α = β = 1) by S 12 (short for S 123456 ), the stratum when leg one is in contact (α = 1, β = 0), by S 1 (short for S 145 ), the stratum when leg two is in contact (α = 0, β = 1), by S 2 (short for S 236 ). and the stratum when no legs are in contact (α = β = 0), by S 0 . This is a very simple model. In fact, it would not be possible to actuate both control inputs u 1 and u 2 independently without the feet slipping on the ground. However, if we allow the feet to slip as required by the equations of motion, then these equations roughly model the effect of the net frictional force on the body of the robot if the unactuated legs are completely passive. The "twisting" in the θ direction accounts for the fact that two feet are pushing on one side of the body; whereas, only one foot is pushing on the other side. This is a somewhat unsatisfying model in that it requires an "unnatural" consideration of forces when considering a purely kinematic model. However, we adopt it for clarity of presentation.
The Distribution Approach
If all legs are in contact with the ground, the equations of motion are 
where u 3 and u 4 are constrained to be 0. Note that if f represents the first column, and g represents the second column, then
Clearly, with all the legs in contact with the ground, these vector fields span the (x, y, θ) directions. However, at this point we have not generated enough directions to span all the shape variables as well.
If legs 1, 4 and 5 are in contact with the ground, but legs 2, 3 and 6 are not in contact, the equations of motion are 
where u 3 is constrained to be 0. If legs 2, 3 and 6 are in contact with the ground and legs 1, 4 and 5 are not, then the equations of motion are 
where u 4 is constrained to be 0.
If none of the legs are in contact with the ground,  
If we consider either the distributions associated with the sequence S 12 ⊂ S 1 ⊂ S 0 or S 12 ⊂ S 2 ⊂ S 0 , the distributions spanned by the vector fields comprising Equations 14, 15, 16 and 18, or the distributions spanned by the vector fields comprising Equations 14, 15, 17 and 18, respectively, the hypotheses of Proposition 4.4 are satisfied. Note that this example has the somewhat unrealistic requirement of considering the equations of motion when none of the feet are in contact with the ground. In fact, this is required for controllability in the entire configuration space since both leg heights are variables.
Since it is undesirable to lift all the feet of the robot out of contact with the ground at once, a better notion of controllability may be to ask that the system reach an open set in the union S 1 ∪ S 2 . Thus, we need to consider the nested sequences S 12 ⊂ S 1 and S 12 ⊂ S 2 simultaneously. From Equations 14, 15 and 16, the sum of the associated distributions is six dimensional, as is the sum from Equations 14, 15 and 17. Thus, the system is controllable because it can reach an open neighborhood of a starting point in the bottom strata defined in the relative topology of the union
Note also, that for this particular model, all gaits are controllable because the Lie brackets in Equation 15 span the (x, y, θ) directions. Since the robot is kinematic, whenever a foot is not in contact with the ground, the motion of that leg will be decoupled and independent of the other degrees of freedom of the robot. Thus, with the (x, y, θ) directions spanned with all the feet in contact with the ground, control over the leg variables is obtained whenever any of the feet are not in contact with the ground, thus giving controllability for any gait which allows each foot out of contact with the ground at some point during the gait.
The Exterior Differential Systems Approach
When all legs are in contact with the ground, the constraints are
Computing the derived system for this system,
I
(1)
which is clearly the bottom derived system. When legs 1, 4 and 5 are in contact with the ground, but legs 2, 3 and 6 are not in contact, the constraints are
Computing the derived flag for this system,
which is the bottom derived system on S 1 . When legs 2, 3 and 6 are in contact with the ground, but legs 1, 4 and 5 are not in contact, the constraints are
which is the bottom derived system on S 2 . When none of the legs are in contact with the ground,
Clearly, the bottom derived system is
Now, the hypotheses of Proposition 4.5 are satisfied by either the nested sequence S 12 ⊂ S 1 ⊂ S 0 , or S 12 ⊂ S 2 ⊂ S 0 . As before, we can also consider controllability relative to the topology of the union S 1 ∪ S 2 . The intersection of the bottom derived systems associated with the nested sequence S 12 ⊂ S 1 contains only {dh 1 }, so the system can reach an open set in S 1 . Similarly, intersection of the bottom derived systems associated with the nested sequence S 12 ⊂ S 2 contains only {dh 2 }, so the system can reach an open set in S 2 . Thus, the robot is controllable in S 1 ∪ S 2 .
General Stratified Systems
This Section extends the previous results to overcome the limitation in Propositions 4.4 and 4.5 which considered only the geometry of a nested sequence of submanifolds, thus possibly excluding the effect of cycling through multiple submanifolds with the same codimension.
First, we must consider the structure of a general stratified system in more detail. Recall the definitions of the bottom and higher strata from Section 2. At a point, x, the lowest dimension stratum containing the point x is the bottom stratum, and any other submanifolds containing x are higher strata. Denote an arbitrary stratum by S I = S i1i2···in , I = {i 1 i 2 · · · i n }, and note that its codimension is n, the length of the multi-index subscript.
Assume that at point, x 0 , the stratum S B = S i1i2···in is the bottom stratum. We will refer to the level of the stratum as its codimension. Thus, the bottom stratum is on the n th level, the (n − 1) th level contains all the strata with codimension (n − 1), and so forth. It is easy to verify that if every stratum is accessible, then k th level contains Figure 9 illustrates the combinatorial structure of a stratification with four levels. In Figure 9 , the nodes of the graph correspond to the different strata. The edges connecting the nodes indicate whether it is possible for the system to move from one stratum to another, i.e., if the nodes are connected by an edge, then the system can move between the strata, if there is no edge, then the system cannot move between the strata. Note that while the figure simply illustrates edges between nodes only one level apart, it may be the case that multi-level jumps are possible, in which case there would be an edge connecting strata of two levels that are more than one level apart.
If there are n codimension one strata, then the total number of strata is
which clearly increases quickly with n. The corresponding graph structure also grows similarly in complexity. Even with this simplistic pictorial view, it is evident that the a general stratified configuration space is characterized by an interesting algebraic structure. Specifically, as illustrated by the dotted lines connecting the strata, there is an naturally defined graph structure in which to consider the problem. Note that one way to consider a gait is simply a choice of a cyclic path through this graph structure.
In this ordered sequence, the first and last element are identical, indicating that the gait is a closed loop. Clearly, in order for the gait to be meaningful, it must be possible for the system to switch from stratum S Ii to S Ii+1 for each i. In Figure 9 , this corresponds to each stratum S Ii in the sequence being connected to S Ii+1 and S In being connected to S I1 . Limitations on gaits, such as stability requirements, could be expressed as limitations (possibly as a function of configuration) on the cyclic gait paths. Here assume that we know the physical constraints on the system and the manner by which these constraints are manifested as constraints in its graph representation. In other words, assume that there is a collection of strata (or nodes), S = {S I1 , S I2 , . . . , S In } which are deemed "permissible," and similarly a collection of "permissible" edges connecting the nodes, denoted by
Which strata and edges are permissible may, of course, be a function of the configuration of the system.
Whether a stratum is permissible depends upon whether the equations of motion for the system can be expressed as a kinematic system (recall Equation 4), in a neighborhood of the point of interest. For example, for a biped robot, clearly if it lifts both feet off of the ground, it is not a kinematic system because the fact that gravity will make it fall back to the ground.
Whether or not edges between nodes are permissible is a more complicated issue. We have assumed that the system can always move off of a stratum into a higher stratum (recall Equation 3). Clearly, a system can always return to a stratum from whence it came. The more difficult problem is whether the system can leave a stratum into a higher stratum, and then move to a different substratum of the higher stratum. The answer to this question is different depending upon whether the strata are defined by boundaries or simple submanifolds.
Consider the situation illustrated in Figure 10 . Assume that starting from S 12 the reachable sets in S 1 and S 2 are open in their respective topologies. Further assume that the foliation associated with the control system on S 0 are one-dimensional lines as shown. For this system, it is not possible to leave either S 1 or S 2 and move to the other stratum if S 1 and S 2 are boundaries. If S 1 and S 2 were not boundaries, then it would be possible to flow "through" S 1 to S 2 and vice-versa.
If the strata are defined by simple submanifolds, then locally, the reachable set on the higher stratum, S H must intersect each of the substrata. If the substrata are codimension one submanifolds of the higher stratum, this will always be true since we have assumed that there is a vector field that moves the system off of any stratum. Because it is a codimension one submanifold, the stratum and reachable set will then intersect transversely. Recall that two submanifolds intersect transversally if
where 
If the strata are actually boundaries of the manifold, then the reachable set in the higher stratum, S H , must intersect the substrata with a particular orientation. We refer the reader to [1] for a complete exposition on orientations of manifolds and adopt a rather simplistic approach here. Note that for a codimension one stratum, S i , with corresponding level set function Φ i , the exterior derivative of Φ i , dΦ, in a local sense defines an "orientation" in the following manner. If dΦ = 0 in a neighborhood of a point, x 0 , then, the set of tangent vectors, v ∈ T x0 oriented "into" S i are those that satisfy v, dΦ i < 0. Thus, if there exists a vector field, g defined on S 0 such that g, dΦ 1 < 0 and g, dΦ 2 > 0, the system will be able to locally "hop" from S 1 to S 2 . Intuitively, the way to interpret this is that the vector points into one stratum and out of the other. Note that for applications such as robotic systems, whether or not it is possible to move from a higher stratum onto a lower stratum naturally will be obvious from the kinematics of the problem. Example 6.3 (Hexapod -revisited) Recall that the hexapod example in Section 5, assumed that the hexapod walked with a tripod gait. That assumption reduced the high dimensional and complex graph structure of the system to a very low dimensional and simple one, as illustrated in Figure 11 . The arrows in the figure represent the tripod gait.
Note that, for this problem, it will always be possible for the system to move from a higher stratum onto the bottom stratum. This is manifested in the fact that the robot can always put its feet on the ground regardless of its configuration.
Gait Controllability
This section considers the problem of whether a particular gait is controllable. In this section, we will limit our attention to a particular form of controllability; namely, gait controllability. Assume that if S Ii+1 ⊂ S Ii , then the reachable set is transversal to the substratum, S Ii+1 . As noted previously, this is natural if dim S Ii+1 = dim (S Ii ) − 1. Switches between strata with dimensions which vary by more than one are allowable as long as this transversality assumption is satisfied.
In the complete stratified structure, there is one bottom stratum, defined by the intersection of all the codimension one strata in the configuration space. In Figure 9 , this corresponds to stratum S 1234 . For a locomotion system, such as a legged robot, this bottom stratum corresponds to the set of points in the configuration space where all the feet are in contact with the ground. Now, for gait controllability, the reachable set, R V (x 0 , ≤ T ), is defined as before, but is restricted to control inputs consistent with the gait, i.e., the reachable set must be constructed consistent with the ordering of the strata that define the gait. Example 6.5 (Kinematic leg -revisited) In the simple kinematic leg example, Example 4.1, illustrated in Figure 6 , the bottom stratum is the set of points q = (x, l, θ) such that
for some fixed height, h. This is most naturally parameterized by the variables x and θ, and so an open set in S corresponds to reaching an open neighborhood of x and θ, where l is subject to the constraint expressed by Equation 21 .
Let ∆ I denote the involutive closure of the control distribution on S I , where the subscripted index for ∆ I corresponds to the subscripted index for the stratum S I to which it is associated. Now construct the gait distribution. Given a gait, G, the gait distribution is constructed as follows. In fact, the term "gait distribution" is a slight misnomer because the sum of the distributions in the construction of the gait distribution only make sense for points in the bottom stratum. Therefore, the gait distribution is not actually a section of the tangent bundle of the full configuration space. However, for our purposes, evaluating the sums at the point x 0 , so it is just a vector space, will suffice. Proof: This follows from the transversality assumption and the codimension result of Theorem 6.2. H It follows that in the construction of the gait distribution that the dimension of the reachable set will be the dimension of D n . If the first and last strata in the gait G is the bottom stratum, then the result follows since the reachable set it contained in S I1 and has dimension equal to the dimension of S I1 .
Gait Controllability of the Hexapod Robot Example
This section returns to the hexapod robot example considered in Section 5. Here, however, we consider gait controllability, as opposed to regular controllability.
The first step is to construct the gait distribution. Take as the gait the following sequence of strata: G = {S 123456 , S 145 , S 123456 , S 236 , S 123456 }, as illustrated in Figure 11 . To simplify notation, let S 12 = S 123456 , S 1 = S 145 and S 2 = S 236 . The equations of motion for the system restricted to the bottom stratum, S 12 are given in Equation 14 . Also, a Lie bracket is necessary to construct ∆ 12 , as given in Equation 15 . By inspection, ∆ 12 = D 1 has a dimension of three.
Next extend the construction to S 1 . Since S 12 ⊂ S 1 , D 2 = D 1 + ∆ 1 , where ∆ 1 is determined from Equation 16 . By inspection, then, dim (D 2 ) = 5.
The construction next returns to the bottom stratum, S 12 . Note that S 12 is a codimension 1 submanifold of S 1 . Also, since D 2 contains the basis vector The construction is next extended to stratum S 2 . As with S 1 , S 2 increases the dimension of D 4 by two, so that dim (D 4 ) = 6. "Projecting" this back down to S 12 as before gives the dimension of the reachable set to be 5, which is the dimension of S 12 . Therefore, the hexapod example is gait controllable.
Conclusions
In this paper we have extended several standard controllability tests to the case where the configuration space for the control system is stratified. Such a stratified structure provides a means to model many physical systems with governing equations which are discontinuous across subsets of the state space. The general philosophy underlying these extensions was to exploit the particular structure of stratified configuration spaces, which, loosely speaking, allowed us to simultaneously consider the equations of motion for the system on each strata. This philosophy provided the basis for our results using the distribution approach and the exterior differential systems approach. The examples contained herein illustrated both the steps involved in applying the tests as well as their ease of use.
Several avenues of potentially fruitful further work could be based upon the results in this paper. First, throughout this paper we have restricted our attention to driftless control systems. Although a much harder problem, controllability tests for smooth systems with drift exist, [27] , and could potentially be extended to stratified configuration spaces. One difficulty with simply extending the test in [27] is that the test only provides a sufficient condition for controllability. In the case where there is a large number of strata, one is faced with the prospect of the need to satisfy a sufficient condition a large number of times. This is problematic to the extent that sufficient conditions are, generally, too restrictive, in which case, if the test needs to be satisfied multiple times, the restrictive nature of the sufficient conditions are similarly multiplied. Clearly, necessary and sufficient conditions would be preferable, and would provide a more practical basis from which controllability tests for stratified systems could be derived.
Another possible extension of this work is the trajectory generation, or motion planning problem. While controllability is an important issue from the point of view of establishing a logical framework in which to consider problems in nonlinear control theory, from a practical point of view it is of limited usefulness. At least in the robotics context, the motion planning problem is of paramount importance. In fact, the authors have some preliminary results in this area [11] .
